Abstract. The purpose of this short paper is to give a summary of the derivation of a perturbative method to assess the impact of an arbitrary 3D magnetic field configuration, whose energy is everywhere small relative to the gravitational binding energy, on the form and value of the eigenfrequencies and eigenfunctions of stellar oscillations.
Magnetic Perturbations of Stellar Oscillations
The starting point of the perturbative method is the unperturbed spheroidal modes of nonrotating and unmagnetized media (e.g., Unno et al. 1989) . These are the well-known f, g, and p-modes, whose base properties follow from the spherically-symmetric thermodynamic state and gravitational potential present in nonrotating and unmagnetized stars. Being spheroidal, these modes lack a toroidal wave component that is found when including the effects of a magnetic field.
In the following, the principles behind linear waves in a global geometry that captures the stratification of a stellar or planetary body and its magnetic field are established in a compact form utilizing tensorial spherical harmonics. As a first step, the dynamics are considered in the inviscid limit, ignore rotation, thermal conduction, and omit any flows. Electromagnetic effects are included in the magnetohydrodynamic limit, neglecting magnetic diffusion. Moreover, the effects of the magnetic field are assumed to be perturbative, meaning that the zeroth-order background state consisting of the gravitational potential, pressure, and density are spherically symmetric. To date, the perturbative impact of specific magnetic field configurations on the eigenfrequencies have been assessed. For instance, Gough & Thompson (1990) considered axisymmetric magnetic fields, Shibahashi & Takata (1993) considered an oblique dipole, and Kiefer & Roth (2018) considered axisymmetric toroidal magnetic fields. Here, however, no geometrical constraints are placed on the magnetic field, namely it may be nonaxisymmetric as observed at the surface of many stars (e.g., Donati & Landstreet 2009; Brun & Browning 2017) . The modes may be decomposed onto a Fourier basis in time with ξ = k ξ k e iω k t . Thus, the linearized and nondimensionalized MHD system of equations forms an eigenvalue problem for the eigenfrequency ω k and eigenfunction ξ k that span its Hilbert space under the inner product over the spatial volume V d 3 rρξ * k · ξ j , where the star denotes complex conjugation and ρ is the density, with
where H encapsulates the linear terms arising from the hydrostatic state and L captures the Lorentz force as
where B is the magnetic field, c s is the sound speed, r is the position vector, and p is the pressure. Note however that the eigenfrequencies and eigenvectors of the zeroth-order problem are degenerate in m due to its spherical symmetry. There may also be accidental degeneracies and moreover the eigenvalue problem is nonlinear; these issues are addressed in depth in Augustson & Mathis (2018) . Instead, a set of approximate eigenfunctions and their associated eigenfrequencies may be constructed by expanding the true eigenfrequencies and eigenfunctions in a formal series with respect to the ratio of the nondimensionalizing Alfvén frequency and the Lamb frequency. This permits the perturbative classification and nondimensionalization of the various terms in Equation 1.1 with the independent perturbative control parameter being
, where B is a fiducial value of the magnetic field, G is the gravitational constant, M is the mass contained in the domain, and R is the radial extent of the domain. Thus, the eigenfunctions with zero eigenfrequency of Equation 1.1 may be linearized with respect to δ, capturing the effect of the Lorentz force and the modification of the background stratification that it induces. This yields two sets of equations: the perturbative equations for the zeroth-order spherically symmetric background and for the first order magnetic perturbations to it. The largest effect of the magnetic field will be to modify the equipotential surfaces and also the radius of the photosphere, altering the eigenfunctions and eigenfrequencies. To account for the asphericity of the volume and the photospheric boundary, the coordinate system can be adjusted to accomodate the magnetically-induced spherical symmetry breaking. The coordinate map from spherical coordinates (r, θ, ϕ) to an alternate coordinate system (x, θ, ϕ) yields a new effective radius x(r, θ, ϕ) which may be expressed to first-order in δ as
, where h B encapsulates the local changes in the map due to the magnetic field. The solutions for h B depend in turn upon the modified density and pressure (Gough & Thompson 1990) . This ensures that a fixed radius x is equivalent to an equipotential surface. Yet, since the horizontal coordinates remain unchanged, spherical harmonics still form an orthonormal basis on the space.
In the perturbation analysis, the eigenfrequencies and eigenfunctions are expanded in a series with respect to δ. Thus, at each order of δ, they need to be defined. For the zeroth-order hydrostatic eigenvalue problem, one has that ω 2 0 ρ 0 ξ 0 + H 0 (ξ 0 ) = 0. Since the eigenfunctions are vectors, the spin vector harmonics (SVH) provide a complete orthonormal basis (e.g., Varshalovich, D. A. et al. 1988) . Upon substituting the full series, it is easily seen that the previous equation generates a set of differential equations for radially-dependent coefficients at each of the quantizing integers n, ℓ, and m which denote respectively the radial order and spherical harmonic degree and the azimuthal order. The resulting eigenfunctions are ξ , where the Y are the SVH, ℓ is their spherical harmonic degree, m is their azimuthal order, and j is their total angular momentum quantum number j = ℓ + s, where s = 1 for the SVH. The magnetic field is similarly expanded on this basis. The equation of motion may also be expanded with respect to δ, where the time-independent terms have been eliminated using the zero eigenvalue equations. Due to the linearity of the problem, the eigenvalue problem for the first-order perturbation may be cast into the following form
where the zeroth-order equation has been subtracted and H B encapsulates the first-order changes in the H operator due to the coordinate transformation that accounts for the magnetically-induced asphericity. Hence, to illustrate the simplicity of the SVH in building the frequency splittings, one may approximately solve Equation 1.4 by taking the dot product with ξ 0,n,l,m and integrating over the space, yielding an expression for the perturbation of eigenfrequencies ω B :
where
is the mode inertia. If one focuses on the terms with the largest magnitude, the Lorentz force, then the magnetically-induced splittings may be written as
Matrix Operator Formalism
In this effective appendix, we provide the key mathematical objects that permit the computation of the above frequency splitting (Equation 1.6). The vector cross product coefficient J l,m1+m2,j l1,m1,j1 l2,m2,j2
is given by J l,m1+m2,j l1,m1,j1 l2,m2,j2
Likewise the vector dot product coefficient K l,m1+m2 l1,m1,j1 l2,m2,j2
for the SVH is given by
with the normalization N = (2l 1 + 1)(2j 1 + 1) (2l 2 + 1)(2j 2 + 1). The (...), the [...], and the {...} denote respectively the 3j, the 6j, and the 9j symbols of the Racah-Wigner algebra (Varshalovich, D. A. et al. 1988) . The curl and double curl can be recast into matrix operators acting on the SVH basis as (2.8)
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